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An asymptotic formula is obtained for the number of representations of an
element of a ﬁnite ﬁeld as a weighted sum of two prescribed powers of primitive
elements. This generalises previous work on sums of primitive elements, including
that relating to some conjectures of Golomb. # 2002 Elsevier Science (USA)
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Jacobi sum.1. INTRODUCTION
Given q, a power of a prime p, denote by Fq the ﬁnite ﬁeld of order q. The
multiplicative group F*q is cyclic. Let AðqÞ be the set of primitive elements
(generators): it has cardinality fðq 1Þ (f being Euler’s function).
Throughout let g, d and e be arbitrary non-zero members of Fq (not
necessarily distinct). In 1991, Cohen and Mullen [4] established a general-
isation of a conjecture of Golomb [5] by proving the existence of q0 > 0 such1This work is supported by NSF and PNSF (People’s Republic of China). It constitutes an
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COHEN AND ZHANG472that, whenever q > q0, there exist a, b 2AðqÞ with e ¼ gaþ db. (Golomb’s
conjecture relates to the case in which g ¼ d ¼ 1.) In [4], a speciﬁc admissible
value of q0 ¼ 4:79 108 was given: a lower value q0 ¼ 3:854 107 occurs in
[3]. (There is evidence that the ‘‘true’’ value of q0 is 61 [1].) Golomb also
made the conjectures that for every q > 2 or 3, respectively, the elements 1 or
1 can be represented as the sum of two primitive elements. Proofs of these,
are described in [4] too. Prior to [4], there had been a number of
contributions towards the solution or partial resolution of Golomb’s
conjectures, including [2,7–11]. See also [12].
Deﬁne N ðq; e; g; dÞ to be the number of solutions pairs ða; bÞ 2AðqÞ of the
equation e ¼ gaþ db. From the above works, one has the asymptotic
formula
N ðq; e; g; dÞ ¼ s2ðq 1Þfq 1þ yW 2ðq 1Þ
ﬃﬃﬃ
q
p
g; ð1:1Þ
where jyj  1 and, for any positive integer m, sðmÞ :¼ fðmÞ=m. Also, W ðmÞ
denotes the number of square-free divisors of m: thus W ðmÞ ¼ 2oðmÞ, where
oðmÞ is the number of distinct prime factors of m. The purpose of this paper
is to extend (1.1) to yield an asymptotic formula for the number of
representations of e as the (weighted) sum of two exact powers. We now
explain what is meant by this.
Let k be a divisor of q 1. A non-zero element x 2 Fq will be called an
exact kth power in Fq if x ¼ ak for some primitive element of Fq. In other
words, x is an exact kth power if and only if it has order ðq 1Þ=k. (Note
that, in this sense, a primitive element is an exact ﬁrst power.) For divisors,
k, l of q 1 denote by Nk;lðq; e; g; dÞ the number of pairs of ða; bÞ 2AðqÞ such
that e ¼ gak þ dbl.
Theorem 1.1. Let k, l be given divisors of q 1 and e; g; d be arbitrary
non-zero elements of Fq. Then
Nk;lðq; e; g; dÞ ¼ s2ðq 1Þ q 1þ yklW
q 1
k
 
W
q 1
l
  ﬃﬃﬃ
q
p 
; ð1:2Þ
where jyj  1.
Corollary 1.2. For any Z51
2
, there exists q0ðZÞ with the following
property. For any q > q0ðZÞ, divisors k, l of q 1 such that kl qZ and
non-zero elements e; g; d 2 Fq, there is an exact kth power ak and an exact lth
power bl in Fq such that e ¼ gak þ dbl.
We do not go into the questions of an explicit form of q0ðZÞ or the
representation of speciﬁc elements such as 1 in terms of exact powers in
this paper.
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Let Cn denote the (multiplicative) cyclic group of order n. Thus,
there are fðnÞ elements of Cn that individually generate the group.
(In the application, we will have n ¼ q 1 and Cn ¼ F*q .) For any
divisor k of n, deﬁne an exact kth power in Cn to be an element x of order
n=k, so that x ¼ yk for some generator y of Cn. Also, deﬁne ln;k as
a function on Cn by setting ln;kðxÞ to be the number of generators
y such that x ¼ yk. Further, let #k denote the largest divisor of k
that is a unitary divisor of n, i.e., such that gcdð #k; n= #kÞ ¼ 1 and
so gcdð #k; n=kÞ ¼ 1. Then ln;k characterises the exact kth powers as
follows.
Lemma 2.1. Suppose k is a divisor of n. Then
ln;kðxÞ ¼
sð #kÞk if x is an exact kth power;
0 if x is not an exact kth power:
(
Proof. Evidently, we can suppose x ¼ yk is an exact kth power. Then
x ¼ zk for z 2 Cn if and only if z ¼ y1þðjn=kÞ for some j with 0 j k  1.
Now gcdðn; 1þ jnk Þ is prime to n=k (so contains only primes in
#k); indeed it is
1 if and only if 1þ jnk modulo
#k is one of fð #kÞ values. Since gcdð #k; n=kÞ ¼ 1,
the proportion of admissible values of j (for which z is a generator) in any
range which is a multiple of #k is sð #kÞ. The result follows. &
For practical application, the characteristic function can also be
expressed in terms of the characters w in the multiplicative character
group #Cnðﬃ CnÞ of Cn. For the next result, note that m denotes the M .obius
function.
Lemma 2.2. Suppose k is a divisor of n. Then
ln;kðxÞ ¼ sðnÞ
X
d jn=k
mðdÞ
fðdÞ
X
ejk
ðd;k=eÞ¼1
X
ord w¼de
wðxÞ; ð2:1Þ
where
P
ord w¼m denotes a sum over all characters w of (exact) order m in #Cn.
Proof. Write the RS of (2.1) as sðnÞLðxÞ. Suppose that x 2 Cn is an exact
rth power, where rjn. Then x ¼ yr for some generator y and
LðxÞ ¼
X
d jn=k
mðdÞ
fðdÞ
X
ejk
ðd;k=eÞ¼1
Xde
i¼1
ði;deÞ¼1
zdeðirÞ;
COHEN AND ZHANG474where zm denotes a primitive mth root of unity (in C). SinceX
jjgcdðde; iÞ
mðjÞ ¼
X
jjde
de=jji
mðde=jÞ
is zero unless gcdðde; iÞ ¼ 1, it follows that
LðxÞ ¼
X
d jn=k
mðdÞ
fðdÞ
X
ejk
ðd;k=eÞ¼1
X
jjde
mðde=jÞ
Xj
i¼1
zdeðirde=jÞ: ð2:2Þ
Now, the innermost sum in (2.2) can be written as
Pj
i¼1 zjðirÞ, which is zero
unless jjr, when it has the value j. Hence,
LðxÞ ¼
X
d jn=k
mðdÞ
fðdÞ
X
jjr
ðjjdeÞ
j
X
ejk
ðd;k=eÞ¼1
mðde=jÞ: ð2:3Þ
Note that in (2.3), non-zero contributions can arise only from square-
free divisors of n=k, the latter being co-prime with #k. For any such divisor d,
split k, r and any other relevant integer into co-prime factors as k ¼ kdk %d ,
r ¼ rdr %d ; . . . ; where the ﬁrst factor ðkd ; rd ; . . .Þ is the largest containing
primes in d, and the other ðk %d ; r %d ; . . .Þ is prime to d. Observe that
#kjk %d
and, for j a divisor of de (as in (2.3)), jd jdkd . Also in (2.3), the condition
gcdðd; k=eÞ ¼ 1 means that, for a divisor e of k, necessarily, ed ¼ kd and
we can write e %d ¼ j %df , where f jk %d=j %d . Hence (using also the multiplicative
property of m),
LðxÞ ¼
X
d jn=k
mðdÞ
fðdÞ
X
jd jðrd ;dkd Þ
X
j %d jðk %d ;r %d Þ
jm
dkd
jd
  X
f jk %d=j %d
mðf Þ: ð2:4Þ
Now, the innermost sum in (2.4) is zero unless j %d ¼ k %d , necessarily with k %d a
divisor of r %d . In the latter case, the sum is 1. Hence,
LðxÞ ¼
X
d jn=k
k %d=r %d
mðdÞ
fðdÞ
X
jd jðrd ;dkd Þ
jdk %dm
dkd
jd
 
: ð2:5Þ
Next, in (2.5), mðdkd=jd Þ is zero, unless kd jjd . Thus, non-zero terms arise only
for divisors d of n=k satisfying kd=rd in addition to the condition k %d=r %d ,
already indicated. It follows that LðxÞ ¼ 0 unless kjr.
Accordingly, assume kjr. Write r ¼ kr (where rjn=k) and, for jd as in
the sum of (2.5), jd ¼ kdm, where mjðr; dÞ. As noted above, only square-
free divisors d matter. For these, mðd=mÞ ¼ mðd=ðr; dÞÞ  mððr; dÞ=mÞ ¼
SUMS OF TWO EXACT POWERS 475ðmðdÞ=mððr; dÞÞÞ  mððr; dÞ=mÞ. Thus,
LðxÞ ¼ k
X
d jn=k
m2ðdÞ
fðdÞmððr; dÞÞ
X
mjðr;dÞ
mm
ðr; dÞ
m
 
: ð2:6Þ
The inner sum of (2.6) is fððr; dÞÞ. Again, since d is square free we see that
LðxÞ ¼ k
X
d1 jðn=krÞ
ðd1;rÞ¼1
m2ðd1Þ
fðd1Þ
X
d2 jr
mðd2Þ: ð2:7Þ
The inner sum in (2.7) is zero unless r ¼ 1 (i.e., r ¼ k). When r ¼ k, we obtain
LðxÞ ¼ k
X
d jn=k
m2ðdÞ
fðdÞ
¼
k
sðn=kÞ
¼
ksð #kÞ
sðnÞ
ð2:8Þ
(since the displayed sum is multiplicative) and the result follows from Lemma 2.1.
3. A WEIGHTED COUNTING FUNCTION
This function counts the number of weighted non-zero sums in formula
(2.1) (and is independent of the context of cyclic groups or ﬁnite ﬁelds). As a
preliminary, we ﬁrst prove another arithmetic identity that involves notation
already introduced.
Lemma 3.1. Let m be a positive integer. Then
X
d jm
jmðdÞj
fðdÞ
X
ejm
ðd;m=eÞ¼1
fðdeÞ ¼ mW ðmÞ:
Proof. For any divisor d of m, write m ¼ mdm %d , where md is the part
involving the primes of d (as in Section 2). Then fðdmdÞ ¼ mdfðdÞ and the
sum in question is
X
d jm
jmðdÞj
fðdÞ
X
ejm %d
fðdmdeÞ ¼
X
d jm
jmðdÞjmd
X
ejm %d
fðeÞ ¼ m
X
d jm
jmðdÞj ¼ mW ðmÞ:
Lemma. 3.2. Suppose k is a divisor of n. Then
ðS :¼Þ
X
d jn=k
jmðdÞj
fðdÞ
X
ejk
ðd;k=eÞ¼1
fðdeÞ ¼ kW
n
k

 
:
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Then the primes dividing k1 are precisely those dividing k= #k and, by the
multiplicativity of f,
S ¼
X
d0 jn0
jmðd0Þj
X
d1 jk= #k
jmðd1Þj
fðd1Þ
X
e1 jk= #k
ðd1;k=e1 #kÞ¼1
fðd1e1Þ
X
e2 j #k
fðe2Þ
¼ W ðn0Þ  #k 
X
d1 jk= #k
jmðd1Þj
fðd1Þ
X
e1 jk= #k
ðd1;k=e1 #kÞ¼1
fðd1e1Þ
¼ kW ðn0k= #kÞ ¼ kW ðn=kÞ
by Lemma 3.1.
4. COUNTING SUMS OF EXACT POWERS
We return to the situation of Section 1 and apply Lemma 2.2 with n ¼
q 1 and Cn ¼ F*q to estimate Nk;lðq; e; g; dÞ. Extend lq1;k to Fq by setting
lq1;kð0Þ :¼ 0. Then,
N :¼ Nk;lðq; e; g; dÞ ¼
X
x2Fq
lq1;kðxÞlq1;lððe gxÞ=dÞ:
Further, extend the deﬁnition of multiplicative characters w on F*q (including
the trivial one) to Fq by setting wð0Þ :¼ 0 and put s :¼ sðq 1Þ.
By Lemma 2.2 it follows that
N
s2
¼
X
d1 jðq1Þ=k
X
d2 jðq1Þ=l
mðd1Þ
fðd1Þ
mðd2Þ
fðd2Þ

X
e1 jk
ðd1;k=e1Þ¼1
X
e2 jl
ðd2;l=e2Þ¼1
X
ord w1
¼d1e1
X
ord w2
¼d2e2
X
x2Fq
w1ðxÞw2
e gx
d

 
¼
X
d1 jðq1Þ=k
X
d2 jðq1Þ=l
mðd1Þ
fðd1Þ
mðd2Þ
fðd2Þ

X
e1 jk
ðd1;k=e1Þ¼1
X
e2 jl
ðd2;l=e2Þ¼1
X
ord w1
¼d1e1
X
ord w2
¼d2e2
w1
e
g
 
w2
e
d

 
J ðw1; w2Þ; ð4:1Þ
where J ðw1; w2Þ denotes the Jacobi function
P
x2Fq w1ðxÞw2ð1 xÞ. Now, if
both w1 and w2 are trivial characters (which occurs in (4.1) when
d1 ¼ e1 ¼ d2 ¼ e2 ¼ 1), then J ðw1; w2Þ ¼ q 2 (by our convention for wð0Þ).
Similarly, if w2 is trivial but w1 is not trivial then J ðw1; w2Þ ¼ w1ð1Þ ¼ 1.
SUMS OF TWO EXACT POWERS 477Otherwise, when neither w1 nor w2 is trivial, we have the standard result
[6, Theorem 5.22] that jJ ðw1; w2Þj ¼
ﬃﬃﬃ
q
p
. Using only the general bound
jJ ðw1; w2Þj 
ﬃﬃﬃ
q
p
when w1 and w2 are not both trivial, we deduce from (4.1)
and Lemma 3.2 that
N ¼ s2fq 2þ T g;
where
jT j  klW
q 1
k
 
W
q 1
l
 
 1
  ﬃﬃﬃ
q
p
and so
jT  1j  klW
q 1
k
 
W
q 1
l
  ﬃﬃﬃ
q
p
:
This establishes Theorem 1.1. Corollary 1.2 is an immediate consequence
since, for any Z51
2
, W ðq 1Þ5qð12ZÞ=8 for q > q0ðZÞ.
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